Preface

Graphs have become a convenient, practical, and efficient tool to model
real-world problems. Their increasing utilization has become common-
place in the natural and social sciences, in computer science, and in
engineering. The development of large-scale communication and com-
puter networks as well as the efforts in biology to analyze the enor-
mous amount of data arising from the human genome project are but
two examples.

Not surprisingly, courses in graph theory have become part of the
undergraduate curriculum of many applied sciences, computer sci-
ence, and pure mathematics courses. Due to the complexity of the
applications, many graduate programs in these areas now include a
study of graph theory.

A multitude of excellent introductory and more advanced textbooks
are on the market. In this book, we address a reader who has been ex-
posed to a first course in graph theory, wishes to apply graph theory
at a higher or more special level, and looks for a book that repeats
the essentials in a new setting, with new perspectives and results.
For this reader, we wish to communicate a working understanding of
graph theory and general mathematical tools. The prerequisites are
previous exposure to fundamental notions of graph theory, discrete
mathematics, and algebra. Therefore, we will not strain the reader’s
patience with definitions of concepts such as equivalence relations or
groups.

The context we chose for this task are graph products and their
subgraphs. This includes Hamming graphs, prisms, and many other
classes of graphs that are either graph products themselves or are
closely related to them—often in surprising, unexpected ways.
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This setting allows us to cover concepts with applications in many
fields of mathematics and computer science. It includes problems
from coding theory, frequency assignment, and mathematical chem-
istry, which are briefly treated to give the reader a flavor of the variety
of the applications.

Many results in this book are recent in the sense that they first
appeared in print around the time this book went to press. We have
taken efforts to present them accurately and efficiently in a unified
environment.

The book is divided into five parts. The first part is a short introduc-
tion to the Cartesian product—the main tool that is used throughout
the remainder of the book. We convey the basic facts about the prod-
uct, and apply them to Hamming graphs and Tower of Hanoi graphs,
that is, to two classes of graphs that naturally appear.

Classic topics of graph theory are treated in Part II. Included are
the fundamental notions of hamiltonicity, planarity, connectivity, and
subgraphs. These standard concepts are introduced in most typical
first courses in graph theory. We include several interesting results
about these basic concepts, which were, somewhat surprisingly, only
recently proved. Nonetheless, many challenging open problems still
exist in these areas. For example, there is the unsettled conjecture
by Rosenfeldt and Barnette that the prism over a 3-connected planar
graph is hamiltonian and the determination of the crossing number of
the so-called “torus graphs.”

A large part of graph theory involves the computation of graphical
invariants. The reason is that many applications in different fields re-
duce to such computations. It turns out that a variety of scheduling
and optimization problems are actually coloring problems in graphs
constructed from the constraints. In Part IIl, we therefore focus on
several different graph coloring invariants, some standard and some
more recently introduced. In a separate chapter we study the prob-
lem of determining the cardinality of a largest independent set in a
graph. The remaining two chapters of Part IIl focus on the domination
number of a graph with special emphasis on the famous conjecture of
Vizing.

Distances in graphs represent another major area for applications.
As an example of such an application we present the Wiener index,
which is probably the most explored topological index in mathemati-
cal chemistry. In Part IV, we demonstrate that the Cartesian product
is a natural environment for the standard shortest-path metric. The
starting point for this is the fact that the distance function is addi-
tive on product graphs. The material in this part of the book culmi-
nates in the Graham-Winkler Theorem, asserting that every connected
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graph has a unique canonical, isometric embedding into a Cartesian
product.

Mathematical structures can be properly understood only if one has
a grasp of their symmetries. It also helps to know whether they can
be constructed from smaller constituents. This approach is taken in
Part V. It leads to the prime factorization of graphs and the description
of their automorphism groups. These, in turn, simplify the investiga-
tion of algebraic properties of connected or disconnected graphs with
respect to the Cartesian product. In particular, cancelation properties
are derived and the unique r' root property is proved. Thereafter
follows a chapter on the recent concept of the distinguishing number,
which measures the effort needed to break all symmetries in a graph.
The last chapter shows how the main result on the structure and the
symmetries of Cartesian products lead to efficient factorization algo-
rithms and the recognition of partial cubes.

Every chapter ends with a list of exercises. They are an integral
part of the book because we are convinced that problem solving is not
only at the core of mathematics, but is also essential for the compre-
hension and acquisition of mathematical proficiency. Checking one’s
mastery of ideas is crucial for strengthening self-confidence and self-
reliance. Therefore some of the exercises are computational; others
ask for the proof of a result in the chapter. The easier exercises let the
reader check whether he or she grasps the concepts, but most of the
exercises require an original idea, and a few demand a higher level of
abstraction. Then there are problems whose solution requires the in-
vestigation of numerous cases. The idea for these problems is to find
a way to minimize the effort and to solve some of the cases.

Hints and solutions to the exercises are collected at the end of the
book.
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valuable comments, remarks and contributions to the manuscript. We
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College, for a careful reading of the entire manuscript. His suggestions
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text.
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more accessible.



Xiv Preface

Last, and certainly not least, we wish to thank Charlotte Hender-
son, our associate editor, and the other staff at A K Peters, Ltd., for
the professional support and handling of our book that every author
desires. Special thanks are extended to Alice and Klaus Peters for their
involvement and expertise offered at all stages of publication.
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