
�

�

�

�

�

�

�

�

Contents

Preface xiii

Figure Acknowledgments xvii

I Symmetries of Finite Objects and Plane Repeating Patterns 1

1 Symmetries 7
Kaleidoscopes . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Gyrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
Rosette Patterns . . . . . . . . . . . . . . . . . . . . . . . . . . 10
Frieze Patterns . . . . . . . . . . . . . . . . . . . . . . . . . . 11
Repeating Patterns on the Plane and Sphere . . . . . . . . . . . . 12
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 Planar Patterns 15
Mirror Lines . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
Describing Kaleidoscopes . . . . . . . . . . . . . . . . . . . . . . 17
Gyrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
More Mirrors and Miracles . . . . . . . . . . . . . . . . . . . . . 23
Wanderings and Wonder-Rings . . . . . . . . . . . . . . . . . . . 26
The Four Fundamental Features! . . . . . . . . . . . . . . . . . . 27
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3 The Magic Theorem 29
Everything Has Its Cost! . . . . . . . . . . . . . . . . . . . . . . 29
Finding the Signature of a Pattern . . . . . . . . . . . . . . . . . 30
Just 17 Symmetry Types . . . . . . . . . . . . . . . . . . . . . . 33
How the Signature Determines the Symmetry Type . . . . . . . . . 40

vii



�

�

�

�

�

�

�

�

viii Contents

Interlude: About Kaleidoscopes . . . . . . . . . . . . . . . . . . . 41
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 41
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4 The Spherical Patterns 51
The 14 Varieties of Spherical Pattern . . . . . . . . . . . . . . . . 53
The Existence Problem: Proving the Proviso . . . . . . . . . . . . 57
Group Theory and All the Spherical Symmetry Types . . . . . . . . 57
All the Spherical Types . . . . . . . . . . . . . . . . . . . . . . 59
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 59
Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5 Frieze Patterns 67
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 69
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

6 Why the Magic Theorems Work 75
Folding Up Our Surface . . . . . . . . . . . . . . . . . . . . . . 75
Maps on the Sphere: Euler’s Theorem . . . . . . . . . . . . . . . 76
Why char = ch . . . . . . . . . . . . . . . . . . . . . . . . . . 78
The Magic Theorem for Frieze Patterns . . . . . . . . . . . . . . . 79
The Magic Theorem for Plane Patterns . . . . . . . . . . . . . . . 80
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 81

7 Euler’s Map Theorem 83
Proof of Euler’s Theorem . . . . . . . . . . . . . . . . . . . . . 83
The Euler Characteristic of a Surface . . . . . . . . . . . . . . . . 85
The Euler Characteristics of Familiar Surfaces . . . . . . . . . . . . 87
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 90

8 Classification of Surfaces 93
Caps, Crosscaps, Handles, and Cross-Handles . . . . . . . . . . . . 93
We Don’t Need Cross-Handles . . . . . . . . . . . . . . . . . . . 101
Two crosscaps make one handle . . . . . . . . . . . . . . . . . . 101
That’s All, Folks! . . . . . . . . . . . . . . . . . . . . . . . . . 102
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 104
Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

9 Orbifolds 109



�

�

�

�

�

�

�

�

Contents ix

II Color Symmetry, Group Theory, and Tilings 117

10 Presenting Presentations 125
Generators Corresponding to Features . . . . . . . . . . . . . . . 125
The Geometry of the Generators . . . . . . . . . . . . . . . . . . 126
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 132

11 Twofold Colorations 135
Describing Twofold Symmetries . . . . . . . . . . . . . . . . . . 135
Classifying Twofold Plane Colorings . . . . . . . . . . . . . . . . 136
Complete List of Twofold Color Types . . . . . . . . . . . . . . . 139
Duality Groups . . . . . . . . . . . . . . . . . . . . . . . . . . 149
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 150

12 Threefold Colorings of Plane Patterns 153
A Look at Threefold Colorings . . . . . . . . . . . . . . . . . . . 154
Complete List for Plane Patterns . . . . . . . . . . . . . . . . . . 155
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 158

13 Other Primefold Colorings 161
Plane Patterns . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
The Remaining Primefold Types for Plane Patterns . . . . . . . . . 165
The “Gaussian” Cases . . . . . . . . . . . . . . . . . . . . . . . 165
The “Eisensteinian” Cases . . . . . . . . . . . . . . . . . . . . . 166
Spherical Patterns and Frieze Patterns . . . . . . . . . . . . . . . 166
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 169

14 Searching for Relations 171
On Left and Right . . . . . . . . . . . . . . . . . . . . . . . . . 171
Justifying the Presentations . . . . . . . . . . . . . . . . . . . . 171
The Sufficiency of the Relations . . . . . . . . . . . . . . . . . . 173
The General Case . . . . . . . . . . . . . . . . . . . . . . . . . 175
Simplifications . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
Alias and Alibi . . . . . . . . . . . . . . . . . . . . . . . . . . 179
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 180
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
Answers to Exercises . . . . . . . . . . . . . . . . . . . . . . . . 182



�

�

�

�

�

�

�

�

x Contents

15 Types of Tilings 185
Heesch Types . . . . . . . . . . . . . . . . . . . . . . . . . . . 185
Isohedral Types . . . . . . . . . . . . . . . . . . . . . . . . . . 187
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 197

16 Abstract Groups 199
Cyclic Groups, Direct Products, and Abelian Groups . . . . . . . . 199
Split and Non-split Extensions . . . . . . . . . . . . . . . . . . . 200
Dihedral, Quaternionic, and QuasiDihedral Groups . . . . . . . . . 200
Extraspecial and Special Groups . . . . . . . . . . . . . . . . . . 201
Groups of the Simplest Orders . . . . . . . . . . . . . . . . . . . 202
The Group Number Function gnu(n) . . . . . . . . . . . . . . . . 206
The gnu-Hunting Conjecture: Hunting moas . . . . . . . . . . . . 209
Appendix: The Number of Groups to Order 2009 . . . . . . . . . . 209

III Repeating Patterns in Other Spaces 215

17 Introducing Hyperbolic Groups 219
No Projection Is Perfect! . . . . . . . . . . . . . . . . . . . . . . 219
Analyzing Hyperbolic Patterns . . . . . . . . . . . . . . . . . . . 224
What Do Negative Characteristics Mean? . . . . . . . . . . . . . . 226
Types of Coloring, Tiling, and Group Presentations . . . . . . . . . 227
Where Are We? . . . . . . . . . . . . . . . . . . . . . . . . . . 229

18 More on Hyperbolic Groups 231
Which Signatures Are Really the Same? . . . . . . . . . . . . . . 231
Inequivalence and Equivalence Theorems . . . . . . . . . . . . . . 232
Existence and Construction . . . . . . . . . . . . . . . . . . . . 237
Enumerating Hyperbolic Groups . . . . . . . . . . . . . . . . . . 239
Thurston’s Geometrization Program . . . . . . . . . . . . . . . . 240
Appendix: Proof of the Inequivalence Theorem . . . . . . . . . . . 241
Interlude: Two Drums That Sound the Same . . . . . . . . . . . . 246

19 Archimedean Tilings 251
The Permutation Symbol . . . . . . . . . . . . . . . . . . . . . . 253
Existence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 256
Relative versus Absolute . . . . . . . . . . . . . . . . . . . . . . 256



�

�

�

�

�

�

�

�

Contents xi

Enumerating the Tessellations . . . . . . . . . . . . . . . . . . . 259
Archimedes Was Right! . . . . . . . . . . . . . . . . . . . . . . 260
The Hyperbolic Archimedean Tessellations . . . . . . . . . . . . . 261
Examples and Exercises . . . . . . . . . . . . . . . . . . . . . . 264

20 Generalized Schläfli Symbols 269
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